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[ 2 ]    Fermat ' s  P]rinciple  and  Path  Equations  in  the  E1ectroma9netic

Var ia t iona l  P r inc iP les  and Euler･-Lagrange  Equat ion

●

IJ[ 'j'(X), 'し2 (X)，…リn(X) , 'j' (X) ,

= 0 .    i=1,2f・・・・ nグ

●

.･･ﾘn(X) , X ]d;  (2-1)

These  equations ,  which  serve  to  determine  the  optimum  functional  form o歪

the  UJ ' s,  are  called  the  Euler-Lagrange diffelcential  equations .

2. 2.    Hamilton ' s  PrinciPle  and  Lagrange 1 s  Equation

We  define  a  new  function,  theエ』agrangianエ』,as

L = T - V

(2-2）

(2-3）

2．1。
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Hamilton ' s  principle  has  juSt  the  form  stipulated  in  eq . ( 2-2)  with  the
t r a n s f o r m a t i o n s

X ÷ t
●

叺÷q i上

●

リィ÷qi-

●

x)÷L(qi'  qi'  t)

The  Euler-ｴ』agrange  equations  then  become  as缶OllowS :

鶚---
8L

3qi
This represents the we1lknown  "IJagrange 1 s  equations n  which will  determine
the  eqUatj-ons o造motion .

2．3．Fermat ! s  Principle  and  Path  Equation

Another  variational  principle  associated with  the  Hamiltonian  formulation

is  known  as  the  Fermat ' s  princiPle･ Which is defined as

S2

I6 n d s  = 0

S1

H ( P ｣ , q、， t )
ユ ユ

● ●

Piqユーエ』(qj.'  qi'  t) ' (2-7）

(2-4）

(2-5）

(2-8）

t 2

16よ,＝6
t l

●

J(ﾘﾕ’リ器′』．

● ●

IJ(ql ,。。．qn'  ql′・・・q__,  t)dt =0n

0 土＝1，2，．．．．． 、

. へ

へ
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H=Lmv2 +eO=T+eO '

2

t h i s r e p r e s e n t s t h e t o t a l e n e r g y o f t h e p a r t i c l e ．

2．4.    DerivatiOn ○だFermat 1 s  Principle  from Hamilton ! s  Principle

H am i l t o n 1 s p r i n c i p l e e q u a l s

t 2
6 I  L d t = 06 L d t ＝ 0
t l

Expressing  L  in  terms  of  the  Hamiltonian by eq. (2-7)

t 2 t 2 .

1WIW-  @|ZPijidt-6I Pididt- 61̅Hdt = O6

tl    --            d tl

( 2-10)

( 2-11)

(2-12）

(2-13）

P o t e n t i a l e n e r g i e s .

The  lJagrangian  (nonrelativistic)  for  a  single  particle  is

1L=;mv̅   -eO+eAL＝盲mv-e｡＋e A･V

wi t h  c anon i c a l  momen t a

p｣  =mv｣  +eA2
ユ●ユ ユ

F r o m t h e d e fi n i t i o n , H i s g i v e n b y

○工 趣naユユy

(2-9）
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By eq．(2-l2 )  H  is  conservative

uSユng the re la t土on

Let Ul l  U2 '  U3  be  unit vectors  in  the  direction  dS1 1  dS2 '  dS2 3

t h e n w e  h a v e

V = vlUl + v2U2 + v3U3  '

V2  =  V,2  + V22  + V32  = 912412  + Q22422  + Q324322 2

Introducing  these  results  into  eq. (2-9)

L = : (9,24l' + 922d2' + Q32d32) - eo(q』,q2, q3)
● ● ●

+ e(Q1qlAl + Q2q2A2 + Q3q3A3)

t  -::LU』・署U,  +¥U,

(2-ユ5）

(2-]̅ 6）

(2-ユ7〉

(2-ﾕ8）

a s f O l l o w s

( 2 - 1 9 )

&d[
d t

●

= Qiqi ダ

= dqi ダ

T h e n

(2-]●4）

,  dS  ,  respectively

Pidqi = 0

Qidqi
-

d t

T h e n

6I1

V 、 ＝
ユ

＝
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Introducing eq．(2-18)  j･nto  eq。(2-ユ5)

(mv.  +  eA｡)ds
ユ ユ ユ

= ( m V ･ + e A 。 ) d s

From eq. (2-13) and eqd (2-20)

‘|:"上‘|:;《鯛…嫌'…。
but F e rm a t ' s  p r i n c i

-

r e f r a c t i v e  i n d e x ' 1  n

n  meanS  'UaniOn  optical  refractive  index'! .
工n  order  to  execute  the  calculation we

c o o r d i n a t e ． 工 n  t h i s  c a s e

m v d s  = m v

a n d i f t h e fi e l d s d o n o t d e p e nd o n ( A ) , w e o b t a i n

e A｡T ds = e rA,. d(A)
い

In d s  = m V

It  is  necessary  to  know  the  relation between  the  magnitude  of  kinetic

momentum  (mv)  and  the  accelerating  energy  U･ AcCording  to  eq．(2-12)

;mv'  +eO=Uラmv2＋e①＝U '

mv＝､/ 2m(U-eO)

(2-23）

(2-24）

(2-25）

｣__-斗

J“ｭ＋(語)ﾕ＋（器2

『J挫梨eA",5
Pﾕgg('｡"-"" )
a s 、 ､ ､ 、

（2-22）

,W+ eA･〃

wi . ] _ l u s e h e r e c yユ i n d r i c a l

d ⑩ ，

+ e r A  I d ( A )＋ erA     d⑳
u）

I Pidqi =
＝

8

(2-20）
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As  in  fi9．2 ,P21  we  choose  variables  (x,  U),  y)  instead of  (r,  (jj,  z)  in
c y l i n d r i c a l c o o r d i n a t e s  a s

x ＝ r - p o

い ＝ ⑳

F d ( A ) = 0

/辱亟

(2-26）

(2-28）

(2-29）

( 2-30a)

( 2 -30b)

(2-31）

(2-32）

y = z

工ntroducing  these  notations  into  eq. (2-25)

nds  =  pO,/冒而

Fermat 1 s  principle  can be  rewritten

ルーノ F =

へ

2+(計)塾噌) 2] + -z('+4)AイZYHr  po'('｣
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The  two  vectors  are  connected by  the  product  relationship
’F, 〆 へ ! f , ． へ '

R11  R12  R13'X3,              Kll    kl2  X13',      X2X 3 ， X 2

q3      =        R21    R22  R23        q2＝

6              0 0 1 6
．

1 ， “ J
4 ，

1，やノ ’ J ﾛ

We  define  this  matrix  as  a  n Trans fer Matrix'!  ( in  a  firs t  order  apProximation)
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[4]    The  Electrostatic  Potential  in  a  Toroidal  Condenser

4 ． 1 ． エ n t r o d u c t i o n

4．2． The  Expression  of  the  Potential

By  solving  the  Laplaces  equation  under  given boundary  conditions ,  we

can determine  the  e lectrostat ic  potent i･al . (x ,y) .

"(x,y)  = 0

In cylindrical coordinates  for  rotational  symmetry  this  equation has  the
だ○rm ：

This  equation  is  separable  in  the  coordinate  x,y・ エモwe set  .(x,y)=R(x)Z(y)
into eq. (4-2) , after a bit of ju9gl ing we obtain

l d R
十 一 一 十
(Po+x)  dx

(4-ユ）

( 4 - 3 a )

( 4-3b)

1.4

k2R= 0

(4-2）
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ユ

z(y)  -  ! vj y'
Then  intrOducing eq. (4-4a, 4-4b)  into●(x,y)

･k(x'y) = R(x) Z(Y)

-lい』1'j 'ゴ
In  order  to  get  the  generalized  solution we must  sum uP  above  solution
u n d e r s u i t a b l e w e i g h t

両

｡(x'y)  -  #  f*ok (x'y)
Rearranging  this  expressユOn we  get  a  convergent power  serles

(4-5）
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( 4-4a)

( 4-4b)
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4．3． T h e R e l a t i o n b e t w e e n t h e C o e彊鍾 . c i e n t s  a . .  a n d  a .
ｺ ｰ ｺ ユ ○

Substituting eq．(4-6)  into  eq. (4-1)  and  comparing  the  coefficients■ q

Of x' y], we ｡btain a工ecursion  formula  ;

(i+1)qi,j+2+"i+],j+2+(j+2)"i+2,j+qi+3,j = 0,

where (7ij = 0 fbrU≦0.

α02 ＝ 一q10-a20ッ

Then  the  next problem i_s  to  know  the  coe丘ユcients  a,
ユ ○

4．4．The  Boundary  COnditions  and  the  a｣
ユ ○

T h e S h a p e o f t h e E l e c t r p d e s

1

x= b -zmj'.-x＝b-Z雨1〕’一 §耐'-1‘#〃'‘＋1 4
( 4-10)

1 6

4．4．ユ．

(4-8）

ニ ミ

へ

(4-7）

○ 工



We now may determine (dnx/dyn) x=b for n=1 ｡ 2．3．．．･･・・・
だrOmeq．(4-10)  .

The  Derivatives  dnx/dyn
at  X=b,  y=0

The grouP ○だcurved  surface  l (x,y) =C (constant) ,  changing C-value ,

constitutes  an  equipotentユal  surface．We  can  assume  that  the  equiPotential
surface  co土ncides with the shape o圭七he  electrode  at  the  neighbourhood of

x=b , y=0． Keeping  the  relation  . (x,y) =const,  x  can be expanded  in  Tay1Or

series  around y=0 .

(壽γ･差(妻‘、釡I" "'、

2｡y巾巽y｡紬ェ
侭 伐 ，

( 4 - 1 1 a )

( 4 - l l b )

( 4-11c)

(4-ユ2）

(4-ユ3）

4．4．2．

x = b +

of  the  Equipotential  Electrode  Surfaces

へ

へ
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Taking  eq. (4-12)  into  account we  obtain

Equating  eqs . ( 4-11a)  and (4-14a) ,  (4-11b)  and (4-14b) ,  (4-11c)  and (4-14c)
and introducing eq．(4-6) into eqs. (4-14) we obtain

q02+ [q,2-q02 ('20]

（）
3も+:[('32 -3q22"20 + 3(2";｡-a30)q12 +(- 6":0+ 6q20q30-a40) qO2]
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1
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holdだ○r  any value  of bo Putting b=0 at first we get :

After d ifferent iat ing both s ides o歪eqs．(4-14) after (b/po ) and putt ing

b = 0 , w e o b t a i n

｛［｝
、

． β 0 ノ

= C  = q l 2 - a 0 2 " 2 0 1
d("/Po) LR (6) b ＝ 0

｛［］｜
句 、

d  l / )0
コ

= 3C2C' = ;(q,4-a20 "04+…）
d(〃β0) LR (6) b ＝ 0

Introducing  eqs. (4-8)  into  eqs．(4-18) and eqs｡ (4-ユ9) ,  we  can  express  the

coefficients a201 a301 a401 a501 a60 as function ○だc  and  c!。

α10＝1，

〃｡2＝-4-Q4｡== --4 -+1 +C" 2 0 = - 1 - c ,

"30  = 2+2c+c2-c',

"40 = -6-5c-5c2+2c'+6"',

(750 = 24+19('+13c2+15c3-6c4

-7(!'-18cc'-24c2c'+6c'2 ,

q60 = -120-93c-60c2-30c3-57c4+30(｡5

+33c'+72cc'+117c2c'+60c3c'-18c'2 ( 4 - 2 0 )

-90“'2．

The  other  coefficients  a｣ _:  may be  obtai・ned  from eqs．(4-8)  and eqs．(4-20)
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4．6。 The  Positi.on ,  Shape  and  Potentia1Of the E1ectrodes

corresponding  axial  curvatures  R(b+)  and  R(b_)  of  the  two  electrOdes .
In  this  manner  all  parameters  o壷 a  toroidal  condenser have been determined

-

a n d t h e i n i t i a l p r o b l e m i s s o l v e d .
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Fig. 4. Toroidal electrodes togethcr with thc radial and axial
coo rd i n a t e s . x a nd ) ' .
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Fig. 3. Thc intcrscctiollspf tlvo elcctrodes of a !oroidal  con-

denscr with a planc fo = constant.

、
b・

2 1

へ

与 堅

↓ー主

、
、

一

’

』
ノ



○

ｓ
 
ｔ

ｎｏ
工
・
１
 
ｅ

●

ｅ
Ｓ
ｃ
’七
Ｆ
士

ｖ
Ｗ
Ｓ
ａ
 
Ｆ
−ｎ

，
１
○
ｑ
｛
ｕ
・
エ
 
○

ｓ
ｎ
ｅ
ｑ
｛
『
。

・
工

Ｓ
 
ｋ
 
ｅ
ｔ

ｅ
 
Ｆ
一
 
ｅ
ａ

Ｃ
 
ｅ
 
○
 
ｈ
 
ｔ
 
ｕ

Ｃ
 
Ｗ
 
ｔ
・
１

。
 
ｑ
凸

ｕ
 
Ｓ
○
ｕ
 
ｓ
 
Ｅ

Ｓ
ｎ
 
ｂ
 ｑ
ｔ

ｐ

．
○
１
｛
Ｓ
 
Ｓｖ

ｖ
凸
ｘ
・
１
ｖ
墨
Ｓ
ｕ
 
１

ｌ

ｂ
、
１
 
ｔ
 
１
一
ｅ
 
Ｓ
 
ｅ
 
ｏ

ｒ
ａ
 
ｌ
 ｑ
）
ｅ
ｇ
 
『
４

ｓ
 
ｔ
ｕ
 
ａ
 
ａ
 
ｒ
ｎ
 
ｌ

ｎ
ａ
ｑ
｛
・
工
 
ｔ
 
ａ
○

○
ｍ
ｅ
 
七
ｓ
ｅ
ｒ
戸
工

．
１
 
ｎ
ｍ
ｑ
一

ｔ
ｒ
Ｓ
ｅ
ｅ
ａ
ａ
Ｓ
●

ａ
 
ｅ
 
ｆ
Ｓ
 
ｔ
Ｓ
 
Ｌ
ａ
１
Ｊ

ｕ
Ｆ
←
 
ｅ
Ｓ
ａ
 
一
〆
ｂ

ｑ
 
Ｓ
 
９
Ｅ
 
・
工
 
ｅ
 
ｒ
 
ｆ
 
−

ｅ
 
ｎ
 
ｎ
ｄ
 
ｈ
 
ｅ
 
ｅ
 
４

ａ
 
ａ

。
 
ｅ
 
ｔ
 
１
− 
．
１
 
ｆ
ｌ

ｌ
 
Ｚ
 
ｒ
１
Ｊ
 
ｍ
ｕ
 
ｒ
●

ａ
 
ｔ
 
９
０
 
王
 
ｔ
 
Ｅ
 
ｂ
 
ｑ

●
１
ａ
 
へ
』
 
ｅ
 
○
 
ｅ

ｔ
 
ａ
 
Ｌ
 
一
 
ｔ
 
ｑ
》
９
 
ｎ

ｎ
へ
“ｎ
 
ｎ
・
工
ｎ

ｅ
 
Ｓ

ｆ
ノ
ー
‐１
 
ｅ
 
○

．
ユ

ｒ
ａ
ｓ
 ｖ
『
上
『
。

●

ｅ

・
１
Ｓ
ｅ
ａ
ａ
ｅ
ｎ

ｆ
 
Ｓ
 
ｑ
《
、
、
 
ｈ
 
ｚ
 
ｅ

ｆ
 
ｔ
 
ｔ
ｅ
 
ｔ
 
ｎ
．
１
 
ｖ

’１
勺
上
ａ
ｄ
 
○
 
工
’１

．
 
ｕ
可
、
｛
工
 
ｔ
 
ｎ
’１
 
ａ
 
ｑ
〕

Ｓ
 
ｔ
ｏ
ｕ
ａ
 
弱
 
ｍ
 
Ｓ

ｅ
ｅ
、
ｐ

、
、
ｒ
 
Ｓ
ｕ
ｕ
‐ユ

グ
Ｓ

ｔ
 
Ｓ
 
ｎ
 
。
〕
ｙ
 
Ｃ
 
Ｓ

ｅ
ｎ
ｏ
ｎ
ａ
Ｓ

ｊ

ｅ
 
ｈ
 
○
・
１
・
工
 
Ｗ
・
１
 
ｅ
 
ｙ

ｖ
 
ｔ
・
工
 
ｔ
 
ｎ
 
ｄ
ｒ

Ｆ

『
上
ｔ
 
ａ
 
ａ
 
ｈ
ａ
 
ｘ

Ｏ
 
ｅ
ａ
ｕ
 
ｅ
 
ｔ
ｅ

く

Ｓ
ｑ
〕
ｕ
ｑ
凸
ｍ
Ｏ
．
、
Ｗ
糸
ｗ

ｎ
 ｑ
一
ｅ
ｂ
 
ｔ
 
○

○
ａ
ｅ
 
『
土
ｎ
『
上

ｔ
 
ｒ
 
Ｓ
 
ａ
 
ｄ
 
ｄ
 
ａ

ｒ
１
−
１
 
Ｃ
ｅ
ｅ
旬
Ｌ
，
１

『
ｑ
 
ａ
ａ
ｅ
・
工
’工
ｅ
『
上
 
ｔ

ｅ

・
工
９
 
ｓ
ｒ
Ｃ
’１
 
ｎ

ｅ
『
上
 
ｔ
ｎ
 
ｙ
 
ｔ
 
○
 
ｔ
ｅ

Ｃ
 
１
 
，
 
ａ
勺
、
 
Ｚ
ｔ

○
‐よ
 
ｅ
 
ｒ
 
Ｐ
 
ｅ
 
Ｐ
ｄ
 
○

正
 
Ｗ
 
ｒ
９
Ｖ
 
ｅ
 
ｐ
』

Ｐ
ｅ
 
ａ
 
ｎ
 
ａ
 
ｌ
 
ｎ

ｄ
 
ｆ
 
Ｌ
 
’１
ｈ
 
１
 
．
１
 
Ｃ

『
工
ｎ
《
工
 
一
ａ
ａ
・
ユ

ー
 
ａ
’１
 
ｒ
 
ｅ
 
ｅ
ｑ
ｎ
 
ｔ
 
ｔ

●
工
ｄ
 
ｅ
 
ｄ
 
Ｗ
 
Ｓ
 
ｂ
 
ａ

Ｗ
 
ｎ
『
上
，
１
 
○
 
ｔ

○
 
ｆ
ｕ
Ｃ
 
ｅ
 
Ｓ

ｅ
’１
Ｏ
Ｅ
、

。
 
Ｗ
Ｓ
○

Ｗ
 
ｔ
ｔ
ｒ

’１
ｒ

ａ
Ｓ
『
ａ
Ｏ
ｅ
ｅ
 
１
士
ｔ

Ｗ
 ｍ
『
ｑ
ｎ
Ｃ
、
、
ｒ
ｕ
Ｃ

Ｏ
‐工
ｎ
ａ
 
ｔ
ｅ
Ｓ
ｅ

Ｎ
 
ｘ
 
，
１
ｄ
 
○
 
Ｈ
 
ｅ
 
’

○
、
Ｋ
 
、
』
 
１
−
ｒ
ｅ

ｒ
直
》
 ｕ
勺
ｎ

ｐ
《
○
一
Ｏ
Ｃ
ｅ
ｅ

Ｐ
 
Ｗ
 
２
 
ｈ
 
ａ
ｈ
ｑ
ｎ

ａ
 
ｔ
ｆ
ｌ
 
Ｓ
 
ｅ
Ｔ
 
ｍ

。

奇く
工

ｊｘ
−
仰
ぐユ

■
Ｂ
ｇ
Ｄ

■
「
’一

９

０

，

ａ

，
工

雨
〜
ム

ｆ
７ＣＣ〆

ｂ

ｆ

十！

Ｉ

Ｃ
 
Ｃ

へ
廷
 
Ｃ

■

〃
＋
 
６

２

− 
１

１

。
ｌ
Ｃ

Ｃ
５
 
Ｃ
 
ｃ

＋
 
一
 
一
 
６

２
ｃ
２
＋

Ｃ
貝
》
Ｃ
 
２

− 
− 
４
 
ｃ

ｃ
６
 
十
 
３

− 
』
 
Ｃ
一

一
一
一
一
一
一
一
一

２
０
２
４

１
４
２
０

ａ
ａ
 
ａ
 
ａ

〃

ロ
 
−Ｃ一

２

ｆ

Ｃ＋

Ｃ
 
ｃ

〃
一

ｆ
 
〈
型

１
＋

１
 
− 
Ｃ
 
２

一
一
一
一
一
一
Ｑ
一
一

０
０
２
０

１
２
０
３

ａ
 
ａ
 
ａ
 
ａ

０
０

詑
諒
 
詑
訂

一
 
一

ｊ

ｊ

詑
一
認
詑
諏

く
ｄ
−
地
 
ｄ
一
地

[5]    Particle  Trajectories  in  a  Toroidal Condenser
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5．2。The  Resultant Path  Equations

X"-2F無難x = /706+3/r…x2//,｡ + Fx")'2/p｡ + 2Fxx6x6 - /)062 + x'2//70 - y'2/p｡ + 2xx''/p｡ +4F…x3/p:
+ 2F""x)'2//7; + 3F…x26/po + Fxj,"J'26//70 + 2Fxx"X62 + j)063 + 2Fxxx,蕪,(x2x'' - xx'2 + xy'z) /p:タz

- 2FJ,),x,無,(2yx'y' + j'2x")//,; + "(),'2- x'2- 2xx")//)0 + ;x'zx''/p: +}(x'')''2+ 2x'y'y")/p; + ...,
y''一2F"y = 2Fxy,,xJ'/p｡ + 2F"jJ'6 + 2x'J''/p0 + 2xj'"/p｡ +…， （5-ﾕ0）

工n order to solve eqs．( 5-10)  we  use  the  method  of  successive  approximation .

In this  case we  can  assume  that  the  so1utions  are  expressed  in  the  form  :

x((JJ)  =  xl(uj)  +  x五((人)) +xm(u))  '

y((')) = yl ((A)) + yX ((A))

Let  us  also  distinguish here  between  first,  second  and  third order  terms .

( 5-13a)tanCM = ( tanCI) , + ( tanCI) n +  (tand)工Ⅱ ’

β＝β ＋β工［ ( 5-13b)
工
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(5-ユ4a)

( 5-14b)

(5-1●5a)

( 5-15b)

( 5 - ﾕ 6 a )

( 5 -16b)

X(O)  = X2,    X1(O)  =

y(o) = y2,  y ' (o) =

5 ． 3 ． T h e  F i r s t  O r d e r  S o l u t i o n

Taking only the first order terms from eqs ｡ (5-10) ,we obtain

xu+k2"=pO6    ,エ X 工

yi+k;y, -0 F

k=、/匡扉〒 = I/( 2-c)
X               XX

k = F Z F  = ､ / 5
y y y

(Po+x2)tanq2  ,

(pO+x2) tan82

､
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The eqs．(5-17)  and  (5-16)  represent  the  first order  or  Gaussian  approximation
o f a p a r t i c ] - e t r a j e c t o r y ｡

5．4。The  Second  O rde r  So l u t i on

5 . 4 . 1． The  R ad i a ] .  Tr a j e c t o r y

= ImI nn ･G(nn lm)x¥｢ + k3x_ = ImI n_ ･G(nJm)  ,n      X n    e "  - ̅ n
m  n

立

W h e r e m a n d n n  represent  the  components o歪theだ○11owing  vectors

c_(,),  s2,  sc_,  s2,s_c_,m＝1，sX' ､"X' =X､'､'' -'X､ '̅ -X' ¥XX' -y'̅ y､ y̅s2 s c，x    x    x     x     x    x x    y’y y

nn=XXr  Xα′x6,αα,  q6,  66,  yy,  YB,ββ ，
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where  the  non-zero  elements  are  indicated by  G.        The  explicit  expressions

of  the  non-vanishing  elements  of  G (nX lm)  are    :

“蝋'')=土(-嶬半,,ハ｡("'")=上“-’,ル｡4J--¥""ル'0 ／ ) 0

G(x61り-号G(xxI1ルC(X61Cx) = -98,  G(…'=-¥｡…）｡("|り=ん
G("Isxsx) = -§｡…l■…-f…ルG(c{6Is"cx) =誓煽…)、
｡随‘'り皇『｡(嵩噌）…一驚‘い‘鵬ハ…蕊'-f｡…ハ
G(j,y'') = 4 (-k;…ルG(yy'',$,) - - :: ｡  c('"･,) -菩。G("|ﾘ= -'''  G("',f') - ¥ '' ､  p 0 9 4

β0

ImI  nH  ･H(nx  lm)
mn n

where  the  non-zero  elements  are  indj_cated by  H .

ExPlicit1y  the  H (nX  lm)  are  : [  nX is  defined  in  eq｡ (5-22a)]

( 5 -24a )xn（い）
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"(",,l') = ('//t:)G(",il{)+[2/(3k:)IG("!IIs"sx)-12A:;/(A:f('7)]G(",,|s,,sy),
"("IIIsx) = [I /(2K)I G(",,l.9x) + 11 /(3k:)1 G(",,lsx(･x) - [A,,/(kx(77)1 G("IIIs,,cy) + (1/kx)6"",x2.<2,
"(",,lcx) =一〃(",,l1),  "("IIIsx(") = [1 /(2kr)]C(",,lcx),  "(",,lc災の) = - [1 /(2hx)I G("IIIsx),
"("IIIs"sx) = - [1/(3k:)1G(",,|$xsx),  "("i,ls"c") = - [l/(3k:)} c(",,lsxcx),
"("i,ls,sy) = (1/97)G("IIIsysy)、〃("IIIs,,c',) = (1/97)G(",,ls,c,).

(tanC$)H = -(1/PO2)xXxi + (1/pO)xh

Substituting eqs . (5-17a, 5-26a ) and  rearranging ,we  obtain  the  exPressi_on

3 3 ( H ( j < 行 ケ
×× × × × × 語 ＞ 、
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All  non-zero  elements o造this  matrix  are  indicated by  H ｢ .
t h e  m a t r ユ x e l e m e n t s r e a d :

H1(xxlsxcx) =ん翼//):,  "I(x"ll)=-1//)0,  "1(x"Isふ) = 2//'0,  "1(x6Isx) = 1/(kxp｡),
"1(X6ISxcx) = -- 2/ (kxp｡),  "i("|sxCx) =-1/kx,  "1("611) = 1/",  HI("61cx) = -1/",
"1("61sふ)=-2/k:,  "I(661sx) = - 1/k:,  "1(6jisxcx) = 1/";
"i("i,l l) = kr"(",,lsxcx)//'0 + lfj"(",ilsycj)//)0,〃》("IIIsx) =一岬f("MIcx)/p｡ + "("IIIsx(0)/po,
〃』("Ⅱlcr) = kx"(",,|sx)/po+"("Ⅱlcxの)/po,〃i("i,ls"(o) =一kx"(IIIIIcx(U) //'0,
H1("Ⅱ|cx(o) = k蕊〃("IIIsxq)) /p0,〃〉(",,k̅ = -2k,J/(",ilsxcx)//)0,  "2("IIIs:ccA:) = 2kx"("IIISxSx)//70，

Hi('',,|3,s,) = -2k，〃("IIIsycy)/po,      "1(",,ls,,cj,) = 2ky"(",,lsys,,)//)o. ( 5 - , 2 8 a )

5 . 4 . 2 .  T h e A x i a l Tr a j e c t O z y

The solution  for y  equation  is  obtained  in  a way  simi・lar to x equation .
F rOmeq． (5 - 1 0b ) w e o b t a i n

yh+ k:y;yJ,- Iml  nnFG("Jm)    ,
m n n

where  in  this  case  m and n立 are  the  components ○だthe fol1Owj.ng  vectors

m = sy, cy, sy(A), cy(jj, sxsy, sxcy, cxsy, cxcy,-

nn= yx' yq' y6，βX'βα，β6.

The  G (nn lm)  are  now  elements  of  6  x  8  matrix

The  nonvanishing  elements  indicated  by G  are

G()'XIS¥Sy) = 2Axky/p0,  C()'XlCxC,) = 98/βかG(J,"ISxC,,) = 98//tx'
G(J'61cy) = 99,  C(J'61s"sy) = - 2k,"/kx， c()'61cxcj,) = - 98/k:    ,
G(pxlcxs,,) = 98/ky ,  G(""|sxsy) =fi78/(kky),  G(βαlcxcy) = 2po,
G(661sxc,,) = 2"｡/kx,  C("lcxsy) =-9"(k:ky)、

G(yqlcｪsy)=-2上"，
G("xIsxcy) = - 2kx,
G("1sy) =yy9/hy.

E x p l i c i t l y

( 5-20b)

( 5-21b)

( 5-22b)

( 5-23b)
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The soﾕution  of  eq. (5-20b)  can  be  written  as

y瓦(") = Im In㎡H(njm)
m  n

江

The  non-zero  elements  are  indicated  by  H.        Explicitly  the  H (nX lm)  are
is defined in eq．(5-22b)  ][ n n

"("Ⅱisy) = [' /(2A;)] G("Ⅱ|sy) + [96/(kxky(I7)1 G("IIIsxcy)- (1/q7) G("IIIcｴsy) + (1/ky)6"n,,izx2,
〃("Ⅱ|cy) = [2kj./(kx97)] G("i, lsxsj,) + ( 1 /97) G("i,lcxcy)、
〃("IIIsy(") = [1 /(2ky)1G("Ⅱ|c,,),  "(",,lcyの)=一[1 /(2ky)]G("IIIsy ),
〃(11illS"Sy) = ､l/97) G("II|$xsy)̅ ̅ [2/t)/(kx97)] G("lllcxcy),
〃("Ⅱ|sxcy) = - (1/97) G("ilisxcl) + [2k)'/(kx97)] G("lllcxsy),
〃("i'lcxsy) = [2kj./(kx97)}G(",,lsxcj,)-(1/97)G(",,lc:､4  "(",,lCjrcj) = -H("i,lCy),

( 5-25b)

where q6 and q7 are the abbreviat ions in table1． The expansion (5-24b)

of yn ((A))  similar    to eq. (5-26a)  can be ar工anged as

= I  nHIm.[Hi(nn: |m)+HA(nn lm)] = I  nn .R(BInn )β 江 n
，五 m n X

The Hi  and Hi  comprise  the  elements ○だa  6  x  8  matrix
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A11 non - z e r o e l emen t s o f t h i s ma t r i x a r e i n d i c a t ed b y H 1 .

t h e s e  e l e m e n t s  r e a d  :

"1 (wxlcxs,､) = ky/耐、 〃{("|sxsm) = ky/(/70い､〃{()'(;|s,,) = k,,/(p｡"),  "{(J'61cxs,) = -k,,/("｡t:),
"{(/7xkwcM) = -1//70,    "1(βα|sxcy) = - 1/kx,  "1(/761c,,) = - 1/k:,  "{(/Ijlcxcj.) = 1/A:;
"i(",,lsy) =一ﾉtl"("|llcl)//)0 + "("i'ls,,(")//70,  "i(",ilcy) = Ary"(",,ls,,)//j｡ + "(",,lcj,(U)//ﾌ｡，
"i("11Is)'(0) = -k，〃(",,k･》，の)//'0,  ";("I!ky(U) = A,"("1IIs,'(I))//)0,
"i("IIIsxs,,) = - kj"(",,i$xc,,)//70 - k,"(",,lcxsj,)//)0,〃i(",,ls"c,,) = kj,"("IIIsxs),)//ﾌ｡一k,〃(",, lcxc,.)//)0,
"i(",ilG,:sj) = tx"(",,|sxs)､)//)0-kj"(",ilcxc,,) //)0,  "i(",, lcxcy) = kx"(",, lsxcy)/po + kj"(",,lcxsy)/po.

( 5 - 2 8 b )

The  coefficients  R(6 InH )  in  eq. (5-27b)  represent  the  second  order  elements
(noso3tO8)  of  the  second  row  of  the  axial  transfer matrix  shown  in  fi9．4．
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5 ． 5 ． T h e  R a d i a ] .  T h i r d  O r d e r  S o l u t i o n

Xin + kX2X = I mI nm.G(nn,Im) ,                (5-29)F

X n I
m n m

where  m and  n_  now  represent  the  components  of the  following  vectors：工江

m=1，側F  S__"  C__F  S__(A)J  Cい，SX2 ,  SXCX,  SV2 ,  SVCV,  S]JJ;  Cjj02 ,  SX2⑩，SxcX⑩，2 2

X - X X . X . X    X X . y - y y x x

Sv2(jj F  SVCV(A) F  SX3 ,  SX2CX ,  SXSV2 ,  SXSVCV F  CXSV2 （5-30）y    y y    x          x y，sxsycy，cxsyy̅ (jj,  sycy(A),  sx- ,  sx-cx,  sxsy- ,  sxsycy,  cxsy- ,  cxsycy ,

n̅"  =  XXX'  XXa，xx6,  xαα,  xq6,  x66,  xyy,  xy6,  xββ，ααα，αα6, q66，ayy,工圧

α y β ， αββ， 6 6 6 , 6 y y , 6 y β ， 6 β β 、 ( 5 - 3 1 )

The  G(nm lm)  are  elements  of  a  l9  x  22  matrix

where  all  non-zero  elements  are  indicated  by G .        ExPli_citly  these  G (n工江1m)
、

a r e ：
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pARTJCLE TRAJECTORIES IN A TOROIDAL CONDENSER
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where  all  norl-zero  elements  are  indicated by H .

Explicitly these  H (nm l m) a r e ：
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The  eq．(5-33)  can be  rearranged  as

=  I    nm  I  m｡H(nmlm)
mnm
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土s  obtained  from theThe third order term of tan (d) , (tanq)工江
re la t iOnsh ip eq . ( 5 -12a )  a s

’ リ-4{ -xｪ翼h-xix],+=xixi  ]  +両藤､ェ( tand)工江＝ pO2

Substituting eqs. (5-ﾕ7a, 5-26a, 5-35)  in this expression and rearranglng
t h i s w e  o b t a i n

= I nm I mH!(nmlm)
mn刀工

=I  nmIm[Hi(nmlm)+Hﾑ(nmlm)  ]
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(5-35）

(5-36）

(5-37）
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S t a n d 缶 o r

R(ijlmn) = IR(ilm)R(jln)

i,:l := x,q,6,      j,k,m,n =: x,α,6,y,β、
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6 . l .  IIhe Field PiStribution in an lnhomogeneous Magnetj_c Field

By(x'0)  = B･【’-nⅢ(奇

Bx(x'0)  =  0

nk = nkO + nk2d2 + nk,+dlf +。。・・・(k=1,2,3,・・・）し

A  conical  Poユe  face  may be  rePresented by

(P:T+')d  ,

(6-2）
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6．2。The  r,hird  Order  Path Equation

The L ag r ang i a n l ｣ i . s g i v en b y

L = fm[ :;'  (p,*x)2L'' + f' ! * ｡(p･卜蕊)(JJA(Jj
●

where  m  and  e  are  the  mass  and  the  charge ori-On  respec･ヒユvely・ 田hen  the

Lagrange equatユ○ns  now become
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■ C
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へ The  second  order  path  equation

from eq.(6-8c)  and is gi.ven by

g2X + k 2y = 2(nl+n2)xy/Pl - nlyて＋
d(A)2    y

k  2=1+nl
X

k 2 = - n l
y

1

- : nl (1+nl)  + 2n2 + 3n3q 3 =

in  the  axial  direction  is  obtained  similarly

(gX) /p, ( 6-9b)

(6-10）
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In  this  expression  the  coefficj.ents o垂n  give  the  elements orthe first row

of  the  transfer  matrix.    The  incユユnat土○n angleais  also  derived  in  the  same

w a y a s i n e l e c t r i c fi e l d ,

tanq = I n Z m[HI(nlm) + HA(nlm)]
n      m

The  matrix  elements ○だH !  and H !  are  the  same  as  those o造eqS．(5-38 )． The

coefficients of n of eq．(6-17)  give the elements of the secondrOw of the

6．2．2  A x i a l  D i r e c t i o n

The soユutiOnだ○r y  direction  is  obtained  in  a way  similar  to  x direction .
F rom eq . ( 6 -9b ) we ob ta i n

giX+k 2¥ + ky2y - M " z " G(n'm)、

The  nonvanishing  elements  of  G (nlm)  are  as  follows
k k
x yG(yxl sxsy)  = po
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G(yrlcxsy)  =  -

G(βαlcxcy)  =  P｡

G(BTlcxsy)  =  -

The solUtion of eq．(6-18)  is  assumed  to  be

y(uj)  =  I  n  I  m H(nlm) ■

m      n

The  mat茜ﾕx  elements  of H (nim)  axe  given  in  eq. ( 5-25b)
Similar  to  eq｡ (6-17)  an9le  6 ((A))  is  written  as

β((U) = I n Zm [ Hi(nlm) +H1(nlm) ] ●

n      m

The  nonvanishing  elements  of  Hi  and  Hi  are  same  as  those  of  eqs．( 5-28b)

（ ‘ - 2 ’ ノ

( 6 - 2 1 )

(6-22）

(6-23）

- ， 1

2 ( n l + n2 )

k 2 k
x y

2Po (nl+n2)

k 2 k
x y
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、 2
K
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While  the position vector  including Y and  6  is  given by  49  elements  as

ユ
R'+,41 =  -F->ユ 6 ’

1
R 4 , l + 2 = - -16  '

1

R4,1f6=IF  '
ユ

R 8 7 7  = =2

l
R 8 1 8  = = ’2
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And other diagonal e lements should equal to unity .  As a result the overal l

transfer  matrix  is  expressed  in  the  following  form  :

(T) = (L3) (C2) (M) (C1) (L2) (E) (L1)

unity．We  must  define  another  element

e l e m e n t s
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We  solve  this  equation  under

t h e  i n i t j a l  c o n d i t i o n  t h a t

the  distanc｡  t｡  the  axiS" ,

参[(釡)'-(祭):］
The  GausS  theorem provides  the  :radial  electrj_c  field  exerted  on  the  edge
o f t h e b e a m

where  v  is  the  ve]_ocity  of  parti_cle  and  equals  to
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electric垂Orce  Fe  equals  to
F  = e E
e

The magnetic彊土eld  can  be  easily  derived  by  the  Ampere  theorem  as :

The magnetic  conversing  force  equals  to

F  = e v B
m

The  ratiOOf  the  magnetic  force  and  the  electric  force  is

In  Table  3  the  ratio  R /Ro  calculated  from  the  above  equation  for  various
m

conditions  are  given .    It  is  evident  that  the  influence  of  space  charge
O

effect  is  neg1igib]_y  small  in  the  case  of  the  current  intensity  less  than

10__8  AmPere.

k*=  [k2_

工七だ○ l l o w s n a t u r a l l y f r o m t h i s e q u a t i o n t h a t t h e a n g l e o f d e fl e c t i o n

･  =  1T/k*,  where至○cusing  takes  place,  varies  according  to  the  velocity

vo  of  the  ionだ○1lowing  the  central  Path・ We  calculate  the  relati.ve

、
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1 0 0

ユ00

1 0 0

1 0 0

1 0 0

1 0 0

1 0 0

1 0 0

一

〆

Table  3.  Space  charge  effect

IASS  (U) CURRENT (A)

３
７
３
 
５
９
５
 
５
５

８
９
８
 
２
９
２
 
２
７

７
０
０
０
９
７
０
０
９
０
０
０
９
９
０
０
０
０
０
０
９
０
０
０
０
０
０
０
９
０
０
０

●
●
●
●
の
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
印
●
①
●

０
０
０
０
０
０
０
０
０
０
０
０
０
０
０
０
０
０
０
０
０
０
０
０
０
０
０
０
０
０
０
０

０
２

０
２

０
２

０
２

０
２

０
２

０
２

０
２

６
８
１
１
６
８
１
１
６
８
１
１
６
８
１
１
６
８
１
１
６
８
１
１
６
８
１
１
６
８
１
１

− 
一
 
一
 
・
 
幸
一
一
一
一
一
 
一
一
一
一
一
一
一
一
一
一
 
一
一
一
一
一
一
一
一
一
一
一
一
 
−

０
０
０
０
０
０
０
０
０
０
０
０
０
０
０
０
０
０
０
０
０
０
０
０
０
０
０
０
０
０
０
０

１
１
１
１
１
１
１
１
１
１
１
１
１
１
１
１
１
１
１
１
１
１
１
１
１
１
１
１
１
１
１
１


